ON AN INEQUALITY SUGGESTED BY LITTLEWOOD 



PENG GAO 



Abstract. We study an inequality suggested by Littlewood, our result refines a result of Bennett. 



1. Introduction 

In connection with work on the general theory of orthogonal series, Littlewood [7] raised some 
problems concerning elementary inequalities for infinite series. One of them asks to decide whether 
an absolute constant K exists such that for any non-negative sequence (a n ) with A n = Ylk=i a k> 

oo / oo \ 2 oo 

(1-1) £«n^ E"f <K^alAl 



The above problem was solved by Bennett [3], who proved the following more general result: 

Theorem 1.1 ([$., Theorem 4]). Let p > l,q > 0, r > satisfying (p{q + r) — q)/p > 1 be 
fixed. Let K(p, q, r) be the best possible constant such that for any non-negative sequence (o n ) with 



r 



n=l 



(1-2) J2 a n A n[J2 a k) <K{p^r)Y,WK) l+rlq - 

n=l \k=n / 

Then 

K(jp,q,r) < 



p(q + r) - 
p 

The special case p=l,q = r = 2in f)1.2|) leads to inequality (jl.ip with = 4 and Theorem ll.il 
implies that K(p,q,r) is finite for any p > l,q > 0,r > satisfying (p(q + r) — q)/p > 1, a fact 
we shall use implicitly throughout this paper. We note that Bennett only proved Theorem 11.11 for 
p,q,r > 1 but as was pointed out in [1], Bennett's proof actually works for the p,q,r's satisfying 
the condition in Theorem 11.11 Another proof of inequality (jl.2p for the special case r = q was 
provided by Bennett in [2] and a close look at the proof there shows that it in fact can be used to 
establish Theorem ll.il 

On setting p = 2 and q = r = 1 in (|1.2p . and interchanging the order of summation on the 
left-hand side of (II. 2p . we deduce the following 

oo n „ oo 

(1-3) J2alJ24Ak<^aiAl 

n=l k=l n=l 

The constant in (|1.3p was improved to be 2 1 / 3 in [6] and the following more general result was 
given in [4]: 

Theorem 1.2 ([U Theorem 2]). Let p, q > 1, r > &e /jxerf satisfying r(p — 1) < 2(q — 1). Set 

(p-l)(<7 + r)-rV + l 2g + 2r + p-l . g + r-1 

a = , p = , o = . 

p + 1 p + 1 p + g + r 
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Then for any non-negative sequence (a n ) with A n = X]fc=i a k; 

oo n oo 

(i.4) ^<E a ^< 25 E<^- 

n=l k=l n=l 

Note that inequality (jl.3p with constant 2 1//3 corresponds to the case p = 3, q = 2, r = 1 in (jl,4p . 
In [8], an even better constant was obtained but the proof there is incorrect. In pQ, [3] and [8], 
results were also obtained concerning inequality fll.2j) under the extra assumption that the sequence 
(a n ) is non-decreasing. 

The exact value of K(p, q, r) is not known in general. But note that K(l,q, 1) = 1 as it follows 
immediately from Theorem 11.11 that K(l, q, 1) < 1 while on the other hand on setting a\ = 1, a n = 
0, n > 2 in (11.21) that K(l, q,l) > 1. Therefore we may restrict our attention on (II. 2D for p, r's not 
both being 1. It's our goal in this paper to improve the result in Theorem II .11 in the following 

Theorem 1.3. Let p > 1, q > 0, r > 1 be fixed with p,r not both being 1. Under the same notions 
of Theorem \l.l[ inequality (jl.2p holds when q + r — q/p > 2 with 



K{ P . ll .r)<K\p\l+ r —^],q + r-l,l^ ( p{ - q + r ^ q 



r-l 
— ) ■ 

Q J I \ V I 

When 1 < q + r — q/p <2, inequality (jl.2p ZioWs with 

(/ / \ \ r P( r - 1 ) . . . Pt^- 1 ) 

/ / r — 1\ \\ Pq+P(r-l)-q ( r>(Q + r ) — \ P1+v(r-l)-q 

K{p{ ! + ^-) ,9 + r-l,lJJ r^T" 

Moreover, for any p > 1, g > 0, 

(1.5) ir(p igi l)<minf p(g + 1) ~ g , C(p,g,<y) 
w/iere 

(1.6) C(p,g,<5)= ^fl + ^— Vl + 



(p-l)A l/(p-l) + *(l+p/(g(p-l)))-l 
and t/ie minimum in (ll.5p is taken over the 5 's satisfying 

(1.7) _fcl)_<*<i. 

p(? + 1) - g 

On considering the values of C(p,q,5) for 5 = 1 and 5 = g(p — l)/(p(q + 1) — g), we readily 
deduce from Theorem 11.31 the following 

Corollary 1.1. Let p > 1, g > 6e fixed. Let K(p,q,r) be the best possible constant such that 
inequality (|1.2p holds for any non-negative sequence (a n ). Then 

(1.8) K(p,q,l)<n^( P{q+1) - q ,pTN^ , (l + {p - 1)q )(l+ P 



p ' \ p + q J \ q(p - 1) / 

We note that Theorem 11.31 together with Lemma 12.41 below shows that a bound for K (p, q, r) 
with p > 1, g > 0, r>0 satisfying (p(q + r) — q)/p > 1 can be obtained by a bound of K (p(l + (r — 
1)/q)i Q + r ~ 1) 1) an d as (|1.8p implies that K (p(l + (r — l)/g), g + r — 1, 1) < (p(q + r) — g)/p, 
it is easy to see that the assertion of Theorem 11.11 follows from the assertions of Theorem 11.31 and 
Lemma 12.41 

We point out here that among the three expressions on the right-hand side of (jl.8p . each one is 
likely to be the minimum. For example, the middle one becomes the minimum when p = 2, q = 1 
while it's easy to see that the last one becomes the minimum for p = q large enough and the first one 
becomes the minimum when q is being fixed and p — > oo. Moreover, it can happen that the minimum 
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value in (jl,5p occurs at a 5 other than q(p — 1)/ (p(q + 1) — q), 1. For example, when p = g = 6, the 
bound CCU) gives K(6,6, 1) < 21/5 while one checks easily that (7(6,6,1.15/1.2) < 21/5. We shall 
not worry about determining the precise minimum of (jl.5p in this paper. 

We note that the special case p=l,q = r = 2of Theorem 11.31 leads to the following improvement 
on Bennet's result on the constant K of inequality f)l . 1|) : 

Corollary 1.2. Inequality (jl.ip holds with K = y/lS. 



2. A few Lemmas 

Lemma 2.1. Let d > c > 1 and (A n ) 6e a non-negative sequence with Ai > 0. Ze£ A n = X^fc=i ^fc- 
Then for all non-negative sequences (x n ), 

d 



£W X>J * (ttt) E A " 

n=l \fc=l / ^ ' n=l 



kd-c d 



T/ie constant is best possible. 

The above lemma is the well-known Copson's inequality [5 ; , Theorem 1.1], see also Corollary 3 
to Theorem 2 of [3]. 

Lemma 2.2. Let p < 0. For any non-negative sequence (a n ) with a± > and = ^fe=i a fc> we 
have for any n > 1, 

(2.i) E^r 1 ^ (i-^W 



Proof. We start with the inequality x p — + p — 1 > 0. By setting x = A^-i/Ak for k > 2, we 
obtain 

A^-M^r'+b-iK^o. 

Replacing ^4^-1 in the middle term of the left-hand side expression above by A^—ak and simplifying, 
we obtain 

Al_ x -Al>-pa k A\-\ 

Upon summing, we obtain 

E ^r 1 ^ 

k=n+l 1 

Inequality (|2.ip follows from above upon noting that a n A^ x < An- □ 

Lemma 2.3. Let p > l,q > 0,r > 1 be fixed withp,r not both being 1. Under the same notions of 
Theorem we have 



K(p,q,r) 

p — 1 p(r— 1) 

(/ / y — \\ \ \ p+p(r-l)/q-l ( ( Q J)(a + r) — 0\ \ PQ+P(r-l)-q 

^ 1 + _), 5 + r _ M )) ^^,!,ES!_2_i)j 

Proof. As it is easy to check the assertion of the lemma holds when p = 1 or r = 1, we may assume 
p > 1, r > 1 here. We set 



= I r !w 1~' ^ = « f 1 + — ) > ^ = C « = E 4 +P/ " 

p + p(r-l)/a-l \ q ) 



k=n 
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Note that we have 0<a<lasp>l, r > 1 here. By Holder's inequality, we have 



(2-2) £ aP n Al £ a k =E« = E ^< • ftS (1 -«C a 

n=l \k=n / n=l n=l 

/ oo \ a / oo \ 

P-1 p(r-l) 
\ p-\-p(r — 1) /q—1 I \ pq+p(r-l)-q 



„(p(g+r)-g)/p 

Vn=l / \n=l 



£#1-Kr-1)/,) C J ■ 



The assertion of the lemma now follows on applying inequality ([1.20 to both factors of the last 
expression above. □ 

Lemma 2.4. Xei p > 1, g > 0, < r < 1 be fixed satisfying (p(q + r) — q)/p > 1. Under the same 
notions of Theorem \l.l\ we have 

(2.3) K(p,q,r)< (k( P (i + ^±) ,q + r-l,l 



Proof. We may assume < r < 1 here. We set 



oo 

i+p/q 

k 

k=n 



a = 1 - r, /3 = a ( 1 + - j , 6 n = a„A^ p , c n = ^ a 
Note that we have < a < 1. By Holder's inequality, we have 

oo / oo \ r oo oo 

E < AQ n E 4 +p/g =E^ c « = E ^ • 

n=l \k=n / n=l n=l 

/ oo \ a / oo \ !-« 

< ( E^ /a J fE^ (1 ^ )/(1 - a) < /(1 - a) J 

/ oo \ !- r / oo \ r 

The assertion of the lemma now follows on applying inequality (jl.2p to the second factor of the last 
expression above. □ 



3. Proof of Theorem 11.31 
We obtain the proof of Theorem 11.31 via the following two lemmas: 

Lemma 3.1. Let p > l,q > be fixed. Under the same notions of Theorem \l.ll inequality ([1.20 
holds when r = 1 with K(p,q, 1) bounded by the right-hand side expression of ([1.50 . 

Proof. We may assume that only finitely many a n 's are positive, say a n = whenever n > N. We 
may also assume a\ > 0. As the case p = 1 of the lemma is already contained in Theorem II. 1[ 
we may further assume p > 1 throughout the proof. Moreover, even though the assertion that 
K(p, q, 1) < (p(q + 1) — q)/p is already given in Theorem ll.il we include a new proof here. 



ON AN INEQUALITY SUGGESTED BY LITTLEWOOD 

We recast the left-hand side expression of (jl.2p as 



N N N n 

(3-i) E < Aq n E a l +p/q = E < +p,q E < A l 

n=l k=n n=l k=l 

N n 

= E «^) e(1+V<?) • (« P n^)- e(1+1/<?) E < A l 

n=l fc=l 

/ jv \ e / ^ / » \ V(i-»)\ 1_ 

< E «<) 1+1/q E <4 1+p/9)/(1 - e) E 

\n=l / \n=l \fc=l / 

/ N \ e ( N (n \ (P(g+l)-g)/(<?(p-l)) x ] -" 

= E E 0^^/(90-1)) ^ ^ 

\n=l / \n=l \fc=l / 

where we set 



p(<? + 1) - Q 

so that < 9 < 1 and the inequality in ()3.ip follows from an application of Holder's inequality. 
Thus, in order to prove Theorem 11,31 it suffices to show that 

N / n \ (p(g+ 1 )- | j)/('?(?'- 1 )) AT 

(3.2) £ o^^DAffd-i)) £ a V kA l < ^ g) £ , 

n=l \fc=l / ra=l 

where 

where C(p,q,S) is defined as in (|1 .6|) and the minimum is taken over the 8's satisfying (JTTTj) . 
Note first we have 

j2a n A-^/^ E44 

n=l \fc=l / 

N / n \ (p(9+ 1 )-9)/('?(p- 1 )) 

< ^ an ^-p(9+i)/(9(p-i)) [ ^ a P^9-3/(p(9+i)-4)^g/(p(g+i)-<?) j 

71=1 \fc=l / 



N / n \ (p(3+l)-?)/(?(p-l)) 



EM 

(p(9+l)-9)/(«(p-l)) ^ 



< r (9+1) " g ) e«o 1+1/3 > 

^ n=l 



where the last inequality above follows from Lemma 12.11 by setting d = c = (p(q + 1) — q)/(q(p 
1)),A„ = a n ,x n = a P n 1 At q/{p{q+1) ~ q) there. This establishes ([321) wi th 
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Next, we use the idea in [6] (see also [1]) to see that for any < 6 < 1, 

(3.3) ^a^Pfa+D/fafr-D) E<M 

71=1 \fc=l / 

AT / n \ (p(i+ 1 )-Q)/('1(p- 1 )) 

n=l \A;=1 n / 

AT / n A 0(9+l)-3)/(9(P-l)) 



71=1 \fc=l 



S 



N / n \ <5(p(«+1)-«)/(9(p-1)) 



71=1 \fc=l 

We now further require that 

q(p - 1) 



An k k ) 



< 5 < 1, 



p(g + l) - q 
then on setting for 1 < n < N, 

N / n \ &{p(q+l)~q)/{q(p-lj) 

Sn = y^ flJfei 4-V(p-i)-*(p(9+i)-9)/(9(p-i)) j Tn = I Y] al +{p ~ 1)/S A g k /5 J 

fc=n \fc=l / 

we have by partial summation, with To = 0, 

N / n \ «0(9+l)-g)/(g(p-l)) 

-1/0-1) I (p-l)/<5 W<5 \ 



(3.4) E a A- i/M (Ef«r ,/ 4 

:E a n^n 1/(P_1) ~ 5(P(<?+lK<?)/(9(P_1)) ( E a l MP ~ 1)/d A k 
71=1 

^ ^ 5*71 (T71 2~n- 
n=l 

. , N / n \ 5(p(g+l)-g)/(g(p-l))-l 

<f (l + ^ ) E 5 n E 4 +(P " lV ^f a n ^-^At 



1 \ 1 1 - 71 / 

71=1 \fc = l / 

n / n \ 5(p(g+i)-g)/(g(p-i)) 

-l/(p-l)-*(p(«+l)-ff)/(ff(p-l)) ( V n. 1+(p_1)/5 4« /5 I 

71=1 \fc=l 
AT 



71 = 1 \fe=l 



g(p-l)y V l/(p-l) + «5(l+p/(g(p-l))-l, 
n / n \ <S(p(s+i)-g)/(g(p-i))-i 

■ E ( E 4 +(P_1)/<5A fc /<5 J a l+(p-l)/5 j 4g/5+l-l/(p-l)-<5(p(g+l)-g)/(g(p-l)) _ 

71=1 \fc = l / 

where for the first inequality in (|3.4p . we have used the bound 

/ \ / » \ 5 (P(3+ 1 )-3)/(«(P- 1 ))- 1 

Tn ~ T n -i <8(l+ ^JL-) a^'Afj a^-^A^, 
by the mean value theorem and for the second inequality in (|3.4p . we have used the bound 



q < ( i i * ^ 4l-V(p-l)-5(p(g+i)-g)/(g(p-l)) 

n ~\ + l/(p-l) + 5(l+p/( q (p-l))-lj n 



by Lemma 12.21 
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Now, we set 

p _ 5(p(q + 1) - q) _ 5(p(q + 1) - q) 

5{p(q + 1) - q) - q(p - 1) ' q(p - 1) 

so that P, Q > 1 and 1/P + 1/Q = 1. We then have, by Holder's inequality, 

TV / n \ S(p(q+l)-q)/(q(p-l))-l 

(3.5) | ^ral +{p ~ 1)/S A q k /S \ ^+H)/^W-VHHWf+-i)-i)/(«(p-i)) 

n=l \fc=l / 

TV / n \ <9/ p 

= V" ( V" a l+(p-l)/5 j4 g/5 | a i/P^_(i/(p_i)+Q)/P _ a l/Q+(p-l)/5 A9 /5+l-(l/(p-l)+Q)/Q 

n=l \fc=l / 

/TV / n \ *(p(9+l)-ff)/(ff(P-l))\ VP 

< ^o^VCp-iJ-^Ca+iJ-gJ/tsCp-i)) ^ 4 +{p_1)/5 ^ /<5 



v n=l \fc=l / 

(TV \ 1 / Q 

E k^) 1+1/9 J • 

It follows from inequalities (|3.4p and (|3.5p that 

TV / n \ <5(p(9+1)-?)/(3(p-1)) 

n=l \fe=l ™ / 

! ■ \ ' + 7 ~ ^ ! ( i i 



TV 



g(p-l); V l/(p-l) + «y(l+p/(g(p-l))-l 

■Em 1+1/9 ' 

n=l 

One sees easily that the above inequality also holds when 5 = q{p — l)/(p(q + 1) — q). Combining 
the above inequality with (j3.3j) . we see this establishes (|3.2p with 

Ki(p,q) = min (c (p, q, , 

where C(p,q,5) is defined as in (|1.6|) and the minimum is taken over the 5's satisfying ()1.7p and 
this completes the proof of Lemma 13.11 □ 

Lemma 3.2. Let p = 1, q > 0, r > 1 6e /ixed. Under the same notions of Theorem \l.l[ we have 

r r ~ 1 K{l + (r- l)/q,q + r- 1,1), r > 2; 



tf(l,?,r) < 



r (if (1 + (r- l)/g,g + r- l,l)) r_1 , 1 < r < 2. 



Proof. We may assume a n = whenever n > N. In this case, on setting 

TV n 

b n = a n A q n , c n = E #n = E bk > 

k=n k=l 

the left-hand side expression of (|1.2p becomes 

TV 

E 6nC "- 

71=1 

Note that as r > 1, we have the following bounds: 

R < A 1+q r r - r r , < rc r ~ l a 1+1 / q 
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We then apply partial summation together with the bounds above to obtain (with Bq = Cjv+i = 0) 

TV TV TV TV 

(3.6) J2 b - C n = E( B « " ^-i) c « = Y. B ^ c n ~ < ^ E a n +1 M +<Z < _1 - 

n=l n=l n=l n=l 

When r > 2, we apply inequality (|2.2p to see that 

TV /TV TV \7=l/N\7=% 

E ^^n 1 < E <tf {T - 1)/q At r - 1 E • E W ■ 

n=l \n=l k=n / \n=l / 

Combining this with inequality (j3.6|) . we see that this implies that 

TV TV TV 

E w ^ ^ a E 4 +(r - 1)/9 ^ +r - 1 E 

n=l n=l fe=n 

The assertion of the lemma for r > 2 now follows on applying inequality (jl.2p to the right-hand 
side expression above. 

When 1 < r < 2, we apply inequality (|2.3j) in (|3.6p to see that 

K(l, q, r) < rK (1 + 1/q, 1 + q, r - 1) < r {K (1 + (r - l)/g, g + r - 1, l)) r_1 . 

The assertion of the lemma for 1 < r < 2 now follows and this completes the proof. □ 

Now, to establish Theorem 11.31 it suffices to apply Lemma 12.31 with the observation that when 
q + r — q/p > 2, Lemma 13.21 implies that 

p(q + r — 1) — q 

K ( h <l ti<l + r)-q \( P (q + r)-q \ , R ( / + r-l\ + p _ \ 
V P P J \ P J \ \ Q J ) 

while when 1 < g + r — g/p < 2, Lemma 13.21 implies that 

p(q + r-l)-q 

g p(g + r) — g\ (p{q + r) — q\ („((-, r — 1\ \\ » 



X I, 1 ,- — < — — if P 1+ ,g + r-l,l 

V p p J \ p J V V V 9 / 

The bound for K(p,q, 1) follows from Lemma 13. II and this completes the proof of Theorem 11.31 

4. Further Discussions 

We now look at inequality (jl.2p in a different way. For this, we define for any non-negative 
sequence (a n ) and any integers N > n > 1, 

TV oo 

Ai,TV = E A n ,oc = E afc ' 
fc=n k=n 

We then note that in order to establish inequality (|1.2p . it suffices to show that for any integer 
N > 1, we have 

TV /TV \ r TV 

E < A i E < r) E «^) 1+r/9 • 

n=\ \k=n / n=l 

Upon a change of variables: a n i— )■ ajv_ n +i and recasting, we see that the above inequality is 
equivalent to 

TV / n \ r TV , 

E < A U E 4 +p/9 < *(p, * o E _ ! " 

n=l \fc=l / n=l 
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On letting N — > oo, we see that inequality f|l .2j) is equivalent to the following inequality: 

oo / n \ r oo 

(4-1) £ <^U £ H +P ' q < K(P, q, r) £ (oR^J 1+r/q . 

71=1 \fe=l / 71=1 

Here if (p, <7, r) is also the best possible constant such that inequality (|4.ip holds for any non-negative 
sequence (a n ). 

We point out that one can give another proof of Theorem 11.31 by studying (14. lh directly. As the 
general case r > 1 can be reduced to the case r = 1 in a similar way as was done in the proof of 
Theorem [L3] in Section El one only needs to establish the upper bound for K(p, q, 1) given in (|1.5|> . 
For this, one can use an approach similar to that taken in Section El in replacing Lemma 12. II and 
Lemma 12.21 by the following lemmas. Due to the similarity, we shall leave the details to the reader. 

Lemma 4.1. Let d > c > 1 and (A n ) be a positive sequence with Ylfc=l < oo. Let A* = Ylfc=n ^k- 
Then for all non-negative sequences {x Tl 




* \d—cd 



_ d oo 

71=1 \k=n ) ^ ' n=l 

The constant is best possible. 

The above lemma is Corollary 6 to Theorem 2 of [3j and only the special case d = c is needed 
for the proof of Theorem 11.31 

Lemma 4.2. Let p < 0. Let integers M > N > 1 be fixed. For any positive sequence (a n )^L 1 with 
Ai,M = J2k=n a k> we have 



k=i v p/ 
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